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Bicomplex k-Fibonacci quaternions
Fu¨gen Torunbalcı Aydın
Abstract. In this paper, bicomplex k-Fibonacci quaternions are defined.
Also, some algebraic properties of bicomplex k-Fibonacci quaternions
which are connected with bicomplex numbers and k-Fibonacci numbers
are investigated. Furthermore, the Honsberger identity, the d’Ocagne’s
identity, Binet’s formula, Cassini’s identity, Catalan’s identity for these
quaternions are given.
Keywords. Bicomplex number; k-Fibonacci number; bicomplex k-Fibonacci
number; k-Fibonacci quaternion; bicomplex k-Fibonacci quaternion.
1. Introduction
Many kinds of generalizations of the Fibonacci sequence have been presented
in the literature [9]. In 2007, the k-Fibonacci sequence {Fk,n}n∈N is defined
by Falcon and Plaza [4] as follows

Fk,0 = 0, Fk,1 = 1
Fk,n+1 = k Fk,n + Fk,n−1, n ≥ 1
or
{Fk,n}n∈N = { 0, 1, k, k2 + 1, k3 + 2 k, k4 + 3 k2 + 1, ...}
(1.1)
Here, k is a positive real number. Recently, Falcon and Plaza worked on k-
Fibonacci numbers, sequences and matrices in [5], [6], [7], [8].
In 2010, Bolat and Ko¨se [2] gave properties of k-Fibonacci numbers.
In 2014, Catarino [3] obtained some identities for k-Fibonacci numbers.
In 2015, Ramirez [16] defined the the k-Fibonacci and the k-Lucas quaternions
as follows:
Dk,n ={Fk,n + i Fk,n+1 + j Fk,n+2 + k Fk,n+3 |Fk,n, n− th
k-Fibonacci number},
*Corresponding Author.
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and
Pk,n ={Lk,n + i Lk,n+1 + j Lk,n+2 + k Lk,n+3 |Lk,n, n− th
k-Lucas number}
where i, j, k satisfy the multiplication rules
i2 = j2 = k2 = −1 , i j = −j i = k , j k = −k j = i , k i = −i k = j .
In 2015, Polatlı gave Catalans identity for the k-Fibonacci quaternions
[13].
In 2016, Polatlı, Kızılates¸ and Kesim [14] defined split k-Fibonacci and
split k-Lucas quaternions (Mk,n) and (Nk,n) respectively as follows:
Mk,n ={Fk,n + i Fk,n+1 + j Fk,n+2 + k Fk,n+3 |Fk,n, n− th
k-Fibonacci number}
where i, j, k are split quaternionic units which satisy the multiplication rules
i2 = −1, j2 = k2 = i j k = 1 , i j = −j i = k, j k = −k j = −i, k i = −i k = j.
In 1892, bicomplex numbers were introduced by Corrado Segre, for the
first time [20]. In 1991, G. Baley Price, the bicomplex numbers gave in his
book based on multicomplex spaces and functions [15]. In recent years, fractal
structures of this numbers are studied [17], [18], [19], [11]. In 2015, Karakus¸,
Sıddıka O¨zkaldı and Aksoyak, Ferdag Kahraman worked on generalized bi-
complex numbers and Lie Groups [10]. The set of bicomplex numbers can be
expressed by a basis {1 , i , j , i j } as,
C2 = { q = q1 + iq2 + jq3 + ijq4 | q1, q2, q3, q4 ∈ R} (1.2)
where i,j and ij satisfy the conditions
i2 = −1, j2 = −1, i j = j i.
A set of bicomplex numbers C2 is a real vector space with the addition
and scalar multiplication operations. The vector space C2 equipped with bi-
complex product is a real associative algebra Table 1. Also, the vector space
together with properties of multiplication and product of the bicomplex num-
bers is an commutative algebra. Furthermore, three different conjugations can
operate on bicomplex numbers [17],[18] as follows:
q = q1 + i q2 + j q3 + i j q4 = (q1 + iq2) + j (q3 + iq4), q ∈ C2
qi
∗ = q1 − iq2 + jq3 − ijq4 = (q1 − iq2) + j (q3 − iq4),
qj
∗ = q1 + iq2 − jq3 − ijq4 = (q1 + iq2)− j (q3 + iq4),
qij
∗ = q1 − iq2 − jq3 + ijq4 = (q1 − iq2)− j (q3 − iq4).
(1.3)
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The norm of the bicomplex numbers is defined as
Nqi = ‖q × qi‖ =
√
|q21 + q22 − q23 − q24 + 2 j (q1q3 + q2q4)|,
Nqj = ‖q × qj‖ =
√
|q21 − q22 + q23 − q24 + 2 i (q1q2 + q3q4)|,
Nqi j = ‖q × qi j‖ =
√
|q21 + q22 + q23 + q24 + 2 i j (q1q4 − q2q3)|.
(1.4)
Table 1. Multiplication scheme of bicomplex numbers
x 1 i j i j
1 1 i j i j
i i -1 i j -j
j j i j -1 -i
i j i j -j -i 1
In 2015, the bicomplex Fibonacci and Lucas numbers defined by Nurkan and
Gu¨ven [12] as follows
BFn = Fn + i Fn+1 + j Fn+2 + k Fn+3 (1.5)
and
BLn = Ln + i Ln+1 + j Ln+2 + k Ln+3 (1.6)
where the basis {1, i, j, k} satisfy the conditions
i2 = j2 = −1, k2 = 1, i j = j i = k, j k = k j = −i, i k = k i = −j.
In 2018, the bicomplex Fibonacci quaternions defined by Aydın Torunbalcı
[1] as follows
QF n = Fn + i Fn+1 + j Fn+2 + i j Fn+3 (1.7)
where the basis {1, i, j, i j} satisfy the conditions
i2 = −1, j2 = −1, i j = j i, (i j)2 = 1.
In this paper, the bicomplex k-Fibonacci quaternions and the bicomplex k-
Lucas quaternions will be defined respectively, as follows
BC
Fk,n = {QF k,n =Fk,n + i Fk,n+1 + j Fk,n+2 + i j Fk,n+3 |Fk,n, nth
k-Fibonacci number}
and
BC
Lk,n = {QLk,n =Lk,n + i Lk,n+1 + j Lk,n+2 + i j Lk,n+3 |Lk,n, nth
k-Lucas number}
where
i2 = −1, j2 = −1, i j = j i, (i j)2 = 1.
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The aim of this work is to present in a unified manner a variety of alge-
braic properties of the bicomplex k-Fibonacci quaternions as well as both
the bicomplex numbers and k-Fibonacci numbers. In particular, using three
types of conjugations, all the properties established for bicomplex numbers
and bicomplex k-Fibonacci numbers are also given for the bicomplex k-
Fibonacci quaternions. In addition, Binet’s Formula, the Honsberger iden-
tity, the d’Ocagne’s identity, Cassini’s identity and Catalan’s identity for
these quaternions are given.
2. The bicomplex k-Fibonacci numbers
The bicomplex k-Fibonacci and k-Lucas numbers can be define by with the
basis {1, i, j, i j }, where i, j and i j satisfy the conditions
i2 = −1, j2 = −1, i j = j i, (i j)2 = 1.
as follows
BCFk,n =(Fk,n + i Fk,n+1) + j (Fk,n+2 + i Fk,n+3)
=Fk,n + i Fk,n+1 + j Fk,n+2 + i j Fk,n+3
(2.1)
and
BCLk,n =(Lk,n + i Lk,n+1) + j (Lk,n+2 + i Lk,n+3)
=Lk,n + i Lk,n+1 + j Lk,n+2 + i j Lk,n+3.
(2.2)
The addition and subtraction of two bicomplex k-Fibonacci numbers
are defined by
BCF k,n ± BCF k,m = (Fk,n ± Fk,m) + i (Fk,n+1 ± Fk,m+1)
+j (Fk,n+2 ± Fk,m+2) + i j (Fk,n+3 ± Fk,m+3)
(2.3)
The multiplication of two bicomplex k-Fibonacci numbers is defined by
BCFk,n × BCFk,m = (Fk,n Fk,m − Fk,n+1 Fk,m+1
−Fk,n+2 Fk,m+2 − Fk,n+3 Fk,m+3)
+i (Fk,n Fk,m+1 + Fk,n+1 Fk,m
−Fk,n+2 Fk,m+3 − Fk,n+3 Fk,m+2)
+j (Fk,n Fk,m+2 + Fk,n+2 Fk,m
−Fk,n+1 Fk,m+3 − Fk,n+3 Fk,m+1)
+i j (Fk,n Fk,m+3 + Fk,n+3 Fk,m
+Fk,n+1 Fk,m+2 + Fk,n+2 Fk,m+1)
= BCFk,m × BCFk,n .
(2.4)
3. The bicomplex k-Fibonacci quaternions
In this section, firstly the bicomplex k-Fibonacci quaternions will be defined.
The bicomplex k-Fibonacci quaternions are defined by using the bicomplex
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numbers and k-Fibonacci numbers as follows
BC
Fk,n = {QF k,n =Fk,n + i Fk,n+1 + j Fk,n+2 + i j Fk,n+3 |Fk,n, n− th
k-Fib. number }
(3.1)
where
i2 = −1, j2 = −1, i j = j i, (i j)2 = 1.
Let QF k,n and QF k,m be two bicomplex k-Fibonacci quaternions such
that
QF k,n = Fk,n + i Fk,n+1 + j Fk,n+2 + i j Fk,n+3 (3.2)
and
QF k,m = Fk,m + i Fk,m+1 + j Fk,m+2 + i j Fk,m+3. (3.3)
The addition and subtraction of two bicomplex k-Fibonacci quaternions
are defined in the obvious way,
QF k,n ±QF k,m = (Fk,n + i Fk,n+1 + j Fk,n+2 + i j Fk,n+3)
±(Fk,m + i Fk,m+1 + j Fk,m+2 + i j Fk,m+3)
= (Fk,n ± Fk,m) + i (Fk,n+1 ± Fk,m+1)
+j (Fk,n+2 ± Fk,m+2) + i j (Fk,n+3 ± Fk,m+3).
(3.4)
Multiplication of two bicomplex k-Fibonacci quaternions is defined by
QF k,n × QF k,m = (Fk,n + i Fk,n+1 + j Fk,n+2 + i j Fk,n+3)
(Fk,m + i Fk,m+1 + j Fk,m+2 + i j Fk,m+3)
= [Fk,n Fk,m − Fk,n+1 Fk,m+1
−Fk,n+2 Fk,m+2 + Fk,n+3 Fk,m+3]
+i [Fk,n Fk,m+1 + Fk,n+1 Fk,m
−Fk,n+2 Fk,m+3 − Fk,n+3 Fk,m+2]
+j [Fk,n Fk,m+2 − Fk,n+1 Fk,m+3
+Fk,n+2 Fk,m − Fk,n+3 Fk,m+1]
+i j [Fk,n Fk,m+3 + Fk,n+1 Fk,m+2
+Fk,n+2 Fk,m+1 + Fk,n+3 Fk,m]
= QF k,m × QF k,n .
(3.5)
The scaler and the bicomplex vector parts of the bicomplex k-Fibonacci
quaternion (QF k,n) are denoted by
SQF k,n = Fk,n and VQF k,n = i Fk,n+1 + j Fk,n+2 + i j Fk,n+3. (3.6)
Thus, the bicomplex k-Fibonacci quaternion QF k,n is given by
QF k,n = SQF k,n + VQF k,n .
Three kinds of conjugation can be defined for bicomplex numbers [18]. There-
fore, conjugation of the bicomplex k-Fibonacci quaternion is defined in five
different ways as follows
(QF k,n)
∗1 =Fk,n − i Fk,n+1 + j Fk,n+2 − i j Fk,n+3, (3.7)
(QF k,n)
∗2 =Fk,n + i Fk,n+1 − j Fk,n+2 − i j Fk,n+3, (3.8)
(QF k,n)
∗3 =Fk,n − i Fk,n+1 − j Fk,n+2 + i j Fk,n+3, (3.9)
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In the following theorem, some properties related to the conjugations of the
bicomplex k-Fibonacci quaternions are given.
Theorem 3.1. Let (QF k,n)
∗1 , (QF k,n)
∗2 and (QF k,n)
∗3 , be three kinds of con-
jugation of the bicomplex k-Fibonacci quaternion. In this case, we can give
the following relations:
QF k,n (QF k,n)
∗1 = Fk,2n+1 − Fk,2n+5 + 2 j Fk,2n+3, (3.10)
QF k,n (QF k,n)
∗2 = (F 2k,n − F 2k,n+1 + F 2k,n+2 − F 2k,n+3)
+2 i (2Fk,n Fk,n+1 + k Fk,2n+3),
(3.11)
QF k,n (QF k,n)
∗3 = (Fk,2n+1 + Fk,2n+5) + 2 i j (−1)n+1 k, (3.12)
Proof. (3.10): By the Eq.(3.2) and (3.7) we get,
QF k,n (QF k,n)
∗1 = (F 2k,n + F
2
k,n+1 − F 2k,n+2 − F 2k,n+3)
+2 j (Fk,n Fk,n+2 + Fk,n+1 Fk,n+3)
= Fk,2n+1 − Fk,2n+5 + 2 j Fk,2n+3.
where F 2k,n + F
2
k,n+1 = Fk,2n+1 and Fk,n Fk,m−1 + Fk,n+1 Fk,m = Fk,n+m are
used [4].
(3.11): By the Eq.(3.2) and (3.8) we get,
QF k,n (QF k,n)
∗2 = (F 2k,n − F 2k,n+1 + F 2k,n+2 − F 2k,n+3)
+2 i (Fk,n Fk,n+1 + Fk,n+2 Fk,n+3)
= (F 2k,n − F 2k,n+1 + F 2k,n+2 − F 2k,n+3)
+2 i (2Fk,n Fk,n+1 + k Fk,2n+3).
(3.12): By the Eq.(3.2) and (3.9) we get,
QF k,n (QF k,n)
∗3 = (F 2k,n + F
2
k,n+1 + F
2
k,n+2 + F
2
k,n+3)
+2 i j (Fk,n Fk,n+3 − Fk,n+1 Fk,n+2)
= Fk,2n+1 + Fk,2n+5 + 2 i j (−1)n+1 k.
where F 2k,n − Fk,n−1 Fk,n+1 = (−1)n+1 and Fk,n Fk,n+3 − Fk,n+1 Fk,n+2 =
k (−1)n+1 are used [4].

Therefore, the norm of the bicomplex k-Fibonacci quaternion QF k,n is
defined in three different ways as follows
N(QF k,n)
∗1 = ‖QF k,n × (QF k,n)∗1‖2
= |(F 2k,n + F 2k,n+1)− (F 2k,n+2 + F 2k,n+3)
+2 j (Fk,n Fk,n+2 + Fk,n+1 Fk,n+3) |
= |Fk,2n+1 − Fk,2n+5 + 2 j Fk,2n+3|,
(3.13)
N(QF k,n)
∗2 = ‖QF k,n × (QF k,n)∗2‖2
= |(F 2k,n − F 2k,n+1) + (F 2k,n+2 − F 2k,n+3)
+2 i Fk,n Fk,n+1 + k Fk,2n+3 |,
(3.14)
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N(QF k,n)
∗3 = ‖QF k,n × (QF k,n)∗3‖2
= |(F 2k,n + F 2k,n+1) + (F 2k,n+2 + F 2k,n+3)
+2 i j (Fk,n Fk,n+3 − Fk,n+1 Fk,n+2) |
= |Fk,2n+1 + Fk,2n+5 + 2 i j (−1)n+1 k |.
(3.15)
In the following theorem, some properties related to the bicomplex k-
Fibonacci quaternions are given.
Theorem 3.2. Let QF k,n be the bicomplex k-Fibonacci quaternion. In this
case, we can give the following relations:
QF k,n + k QF k,n+1 = QF k,n+2, (3.16)
(QF k,n)
2 = (F 2k,n − F 2k,n+1 − F 2k,n+2 − F 2k,n+3)
+2 i (Fk,n Fk,n+1 − Fk,n+2 Fk,n+3)
+2 j (Fk,n Fk,n+2 − Fk,n+1 Fk,n+3)
+2 i j (Fk,n Fk,n+3 + Fk,n+1 Fk,n+2),
(3.17)
(QF k,n)
2 + (QF k,n+1)
2 = QF k,2n+1 + (k Fk,2n+6 − Fk,2n+3)
+i (Fk,2n+2 − 2Fk,2n+6)
+j (Fk,2n+3 − 2Fk,2n+5) + i j (3Fk,2n+4),
(3.18)
(QF k,n+1)
2 − (QF k,n−1)2 = k [QF k,2n − Fk,2n+2 + k Fk,2n+5
+i (Fk,2n+1 − 2Fk,2n+5)
+j (−Fk,2n+2 − 2 k Fk,2n+3)
+i j ( 3Fk,2n+3) ],
(3.19)
QF k,n − i QF k,n+1 + j QF k,n+2 − i j QF k,n+3 = Fk,n + Fk,n+2 − Fk,n+4
−Fk,n+6 + 2 j Lk,n+3.
(3.20)
QF k,n − i QF k,n+1 − j QF k,n+2 − i j QF k,n+3 = Fk,n + Fk,n+2 + Fk,n+4
−Fk,n+6 + 2 i Fk,n+5
+2 j Fk,n+4 − 2 i j Fk,n+3
= Lk,n+1 − k Fk,n+5 + 2 i Fk,n+5
+2 j Fk,n+4 − 2 i j Fk,n+3.
(3.21)
Proof. (3.16): By the Eq.(3.2) we get,
QF k,n + k QF k,n+1 = (Fk,n + k Fk,n+1) + i (Fk,n+1 + k Fk,n+2)
+j (Fk,n+2 + k Fk,n+3) + i j (Fk,n+3 + k Fk,n+4)
= Fk,n+2 + i Fk,n+3 + j Fk,n+4 + i j Fk,n+5
= QF k,n+2.
(3.17): By the Eq.(3.2) we get,
(QF k,n)
2 = (F 2k,n − F 2k,n+1 − F 2k,n+2 + F 2k,n+3)
+2 i (Fk,n Fk,n+1 − Fk,n+2 Fk,n+3)
+2 j (Fk,n Fk,n+2 − Fk,n+1 Fk,n+3)
+2 i j (Fk,n Fk,n+3 + Fk,n+1 Fk,n+2).
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(3.18): By the Eq.(3.2) we get,
(QF k,n)
2 + (QF k,n+1)
2 = (Fk,2n+1 − Fk,2n+3 − Fk,2n+5 + Fk,2n+7)
+2 i (Fk,2n+2 − Fk,2n+6)
+2 j (Fk,2n+3 − Fk,2n+5)
+2 i j (2Fk,2n+4)
= (Fk,2n+1 + i Fk,2n+2 + j Fk,2n+3 + i j Fk,2n+4)
−Fk,2n+3 − Fk,2n+5 + Fk,2n+7
+i (Fk,2n+2 − 2Fk,2n+6) + j (Fk,2n+3 − 2Fk,2n+5)
+i j (3Fk,2n+4)
= QF k,2n+1 + (k Fk,2n+6 − Fk,2n+3)
+i (Fk,2n+2 − 2Fk,2n+6) + j (Fk,2n+3 − 2Fk,2n+5)
+i j (3Fk,2n+4).
(3.19): By the Eq.(3.2) we get,
(QF k,n+1)
2 − (QF k,n−1)2 = [ (F 2k,n+1 − F 2k,n−1)− (F 2k,n+2 − F 2k,n)
−(F 2k,n+3 − F 2k,n+1) + (F 2k,n+4 − F 2k,n+2) ]
+2 i [ (Fk,n+1 Fk,n+2 − Fk,n−1 Fk,n)
−(Fk,n+3 Fk,n+4 − Fk,n+1 Fk,n+2) ]
+2 j [ (Fk,n+1 Fk,n+3 − Fk,n−1 Fk,n+1)
−(Fk,n+2 Fk,n+4 − Fk,n Fk,n+2) ]
+2 i j [ (Fk,n+1 Fk,n+4 − Fk,n−1 Fk,n+2)
+(Fk,n+2 Fk,n+3 − Fk,n Fk,n+1) ]
= k (Fk,2n − k Fk,2n+2 − k Fk,2n+4 + k Fk,2n+6)
+2 i (k Fk,2n+1 − k Fk,2n+5) + 2 j (−k2 Fk,2n+3)
+2 i j (2 k Fk,2n+3)
= k [QF k,2n − Fk,2n+2 + k Fk,2n+5
+i (Fk,2n+1 − 2Fk,2n+5)
+j (−Fk,2n+2 − 2 k Fk,2n+3)
+i j ( 3Fk,2n+3) ].
(3.20): By the Eq.(3.2) we get,
QF k,n − i QF k,n+1 − j QF k,n+2 − i j QF k,n+3 = (Fk,n + Fk,n+2 − k Fk,n+5)
+2 i Fk,n+5 + 2 j Fk,n+4
−2 i j Fk,n+3
= Lk,n+1 − k Fk,n+5 + 2 i Fk,n+5
+2 j Fk,n+4 − 2 i j 2 j Fk,n+3.
(3.21): By the Eq.(3.2) we get,
QF k,n − i QF k,n+1 + j QF k,n+2 − i j QF k,n+3 = (Fk,n + Fk,n+2 − Fk,n+4
−Fk,n+6) + 2 j (Fk,n+2 + Fk,n+4)
= Lk,n+1 − (Fk,n+4 + Fk,n+6)
+2 j Lk,n+3.

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Theorem 3.3. Let QF k,n = (Fk,n, Fk,n+1, Fk,n+2, Fk,n+3) and
QLk,n = (Lk,n, Lk,n+1, Lk,n+2, Lk,n+3) be the bicomplex k-Fibonacci quater-
nion and the bicomplex k-Lucas quaternion respectively. The following rela-
tions are satisfied
QF k,n+1 +QF k,n−1 = Lk,n + iLk,n+1 + j Lk,n+2 + ij Lk,n+3 = QLk,n,
(3.22)
QF k,n+2 −QF k,n−2 = Lk,n + iLk,n+1 + j Lk,n+2 + ij Lk,n+3 = k QLk,n.
(3.23)
Proof.
QF k,n+1 +QF k,n−1 = (Fk,n+1 + Fk,n−1) + i (Fk,n+2 + Fk,n)
+j (Fk,n+3 + Fk,n+1)
+i j (Fk,n+4 + Fk,n+2)
= (Lk,n + i Lk,n+1 + j Lk,n+2 + i j Lk,n+3)
= QLk,n.
and
QF k,n+2 −QF k,n−2 = (Fk,n+2 − Fk,n−2) + i (Fk,n+3 − Fk,n−1)
+j (Fk,n+4 − Fk,n) + i j (Fk,n+5 − Fk,n+1)
= k (Lk,n + i Lk,n+1 + j Lk,n+2 + i j Lk,n+3)
= kQLk,n.

Theorem 3.4. For n,m ≥ 0 the Honsberger identity for the bicomplex k-
Fibonacci quaternions QF k,n and QF k,m is given by
QF k,nQF k,m +QF k,n+1QF k,m+1 = QF k,n+m+1 − Fk,n+m+3 + k Fk,n+m+6
+i (Fk,n+m+2 − 2Fk,n+m+6)
+j (Fk,n+m+3 − 2Fk,n+m+5)
+i j (3Fk,n+m+4).
(3.24)
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Proof. (3.24): By the Eq.(3.2) we get,
QF k,nQF k,m +QF k,n+1QF k,m+1 = [ (Fk,nFk,m + Fk,n+1Fk,m+1)
−(Fk,n+1Fk,m+1 + Fk,n+2Fk,m+2)
−(Fk,n+2Fk,m+2 + Fk,n+3Fk,m+3)
+(Fk,n+3Fk,m+3 + Fk,n+4Fk,m+4) ]
+i [ (Fk,nFk,m+1 + Fk,n+1Fk,m+2)
+(Fk,n+1Fk,m + Fk,n+2Fk,m+1)
−(Fk,n+2Fk,m+3 + Fk,n+3Fk,m+4)
−(Fk,n+3Fk,m+2 + Fk,n+4Fk,m+3) ]
+j [ (Fk,nFk,m+2 + Fk,n+1Fk,m+3)
+(Fk,n+2Fk,m + Fk,n+3Fk,m+1)
−(Fk,n+1Fk,m+3 + Fk,n+2Fk,m+4)
−(Fk,n+3Fk,m+1 + Fk,n+4Fk,m+2) ]
+i j [ (Fk,nFk,m+3 + Fk,n+1Fk,m+4)
+(Fk,n+1Fk,m+2 + Fk,n+2Fk,m+3)
+(Fk,n+2Fk,m+1 + Fk,n+3Fk,m+2)
+(Fk,n+3Fk,m + Fk,n+4Fk,m+1) ]
= (Fk,n+m+1 − Fk,n+m+3 − Fk,n+m+5
+Fk,n+m+7) + 2 i (Fk,n+m+2 − Fk,n+m+6)
+2 j (Fk,n+m+3 − Fk,n+m+5)
+i j (4Fk,n+m+4)
= (Fk,n+m+1 + i Fk,n+m+2 + j Fk,n+m+3
+ i j Fk,n+m+4)− Fk,n+m+3 + k Fk,n+m+6
+i (Fk,n+m+2 − 2Fk,n+m+6)
+j (Fk,n+m+3 − 2Fk,n+m+5)
+i j (3Fk,n+m+4)
= QF k,n+m+1 − Fk,n+m+3 + k Fk,n+m+6
+i (Fk,n+m+2 − 2Fk,n+m+6)
+j (Fk,n+m+3 − 2Fk,n+m+3)
+i j (3Fk,n+m+4).
where the identity Fk,nFk,m + Fk,n+1Fk,m+1 = Fk,n+m+1 was used [4]. 
Theorem 3.5. For n,m ≥ 0 the D’Ocagne’s identity for the bicomplex k-
Fibonacci quaternions QF k,n and QF k,m is given by
QF k,nQF k,m+1 −QF k,n+1QF k,m = (−1)m Fk,n−m [ 2 (k2 + 2) j + (k3 + 2 k) i j ].
(3.25)
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Proof. (3.25): By the Eq.(3.2) we get,
QF k,nQF k,m+1 −QF k,n+1QF k,m = [ (Fk,nFk,m+1 − Fk,n+1Fk,m)
−(Fk,n+1Fk,m+2 − Fk,n+2Fk,m+1)
−(Fk,n+2Fk,m+3 − Fk,n+3Fk,m+2)
+(Fk,n+3Fk,m+4 − Fk,n+4Fk,m+3) ]
+ i [ (Fk,nFk,m+2 − Fk,n+1Fk,m+1)
+(Fk,n+1Fk,m+1 − Fk,n+2Fk,m)
−(Fk,n+3Fk,m+3 − Fk,n+4Fk,m+2) ]
+ j [ (Fk,nFk,m+3 − Fk,n+1Fk,m+2)
+(Fk,n+2Fk,m+1 − Fk,n+3Fk,m)
−(Fk,n+1Fk,m+4 − Fk,n+2Fk,m+3)
−(Fk,n+3Fk,m+2 − Fk,n+4Fk,m+1) ]
+ i j [ (Fk,nFk,m+4 − Fk,n+1Fk,m+3)
+(Fk,n+1Fk,m+3 − Fk,n+2Fk,m+2)
+(Fk,n+2Fk,m+2 − Fk,n+3Fk,m+1)
+(Fk,n+3Fk,m+1Fk,n+4Fk,m) ]
= (−1)m Fk,n−m [ 2 (k2 + 2) j
+(k3 + 2 k) i j ].
where the identity Fk,mFk,n+1 − Fk,m+1Fk,n = (−1)nFk,m−n is used [5]. 
Theorem 3.6. Let QF k,n be the bicomplex k-Fibonacci quaternion.Then, we
have the following identities
n∑
s=1
QF k,s =
1
k
(QF k,n+1 +QF k,n −QF k,1 −QF k,0 ), (3.26)
n∑
s=1
QF k,2s−1 =
1
k
(QF k,2n −QF k,0), (3.27)
n∑
s=1
QF 2s =
1
k
(QF k,2n+1 −QF k,1). (3.28)
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Proof. (3.26) Since
∑n
i=1 Fk,i =
1
k
(Fk,n+1 + Fk,n − 1) [4], we get
n∑
s=1
QF k,s =
n∑
s=1
Fk,s + i
n∑
s=1
Fk,s+1 + ε
n∑
s=1
Fk,s+2 + i j
n∑
s=1
Fk,s+3
=
1
k
{(Fk,n+1 + Fk,n − 1) + i (Fk,n+2 + Fk,n+1 − k − 1)
+ j [Fk,n+3 + Fk,n+2 − (k2 + 1)− k ]
+ i j [Fk,n+4 + Fk,n+3 − (k3 + 2 k)− (k2 + 1) ]}
=
1
k
{(Fk,n+1 + i Fk,n+2 + j Fk,n+3 + i j Fk,n+4)
+ (Fk,n + i Fk,n+1 + j Fk,n+2 + i j Fk,n+3)
− [ 1 + (k + 1) i+ (k2 + k + 1) j + (k3 + k2 + 2 k + 1) ]}
=
1
k
(QF k,n+1 +QF k,n −QF k,1 −QF k,0 ).
(3.27): Using
n∑
i=1
Fk,2i+1 =
1
k
Fk,2n+2 and
n∑
i=1
Fk,2i =
1
k
(Fk,2n+1 − 1) [4],
we get
n∑
s=1
QF k,2s−1 =
1
k
{ (Fk,2n) + i (Fk,2n+1 − 1) + j (Fk,2n+2 − k)
+i j (Fk,2n+3 − (k2 + 1) )}
= 1
k
{[Fk,2n + i Fk,2n+1 + j Fk,2n+2 + i j Fk,2n+3]
− ( 0 + i+ k j + 2 (k2 + 1) i j )}
= 1
k
{QF k,2n − [Fk,0 + i Fk,1 + j Fk,2 + i j Fk,3]}
= 1
k
(QF k,2n − QF k,0 ) .
(3.28): Using
n∑
i=1
Fk,2i =
1
k
(F2n+1 − 1) [4], we obtain
n∑
s=1
QF k,2s =
1
k
{(Fk,2n+1 − 1) + i (Fk,2n+2 − k) + j (Fk,2n+3 − (k2 + 1))
+i j (Fk,2n+4 − (k2 + 2 k))}
= 1
k
{(Fk,2n+1 + i Fk,2n+2 + j Fk,2n+3 + i j Fk,2n+4)
− (1 + k i + (k2 + 1) j + (k3 + 2 k) i j ) }
= 1
k
{QF k,2n+1 − (Fk,1 + i Fk,2 + j Fk,3 + i j Fk,4)}
= 1
k
(QF k,2n+1 −QF k,1 ) .

Theorem 3.7. Binet’s Formula
Let QF k,n be the bicomplex k-Fibonacci quaternion. For n ≥ 1, Binet’s for-
mula for these quaternions is as follows:
QF k,n =
1
α− β
(
αˆ αn − βˆ βn
)
(3.29)
where
αˆ = 1 + i α+ j α2 + i j α3, α = k+
√
k2+4
2 ,
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βˆ = 1 + i β + j β2 + i j β3, β = k−
√
k2+4
2 ,
α+ β = k , α− β = √k2 + 4 , αβ = −1.
Proof. By using the Binet formula for k-Fibonacci number [5], we obtain
QF k,n = Fk,n + i Fk,n+1 + j Fk,n+2 + i j Fk,n+3
= α
n−βn√
k2+4
+ i (α
n+1−βn+1√
k2+4
) + j (α
n+2−βn+2√
k2+4
) + i j (α
n+3−βn+3√
k2+4
)
= α
n (1+i α+j α2+i j α3)−βn (1+i β+j β2+i j β3)√
k2+4
= 1√
k2+4
( αˆ αn − βˆ βn).
where αˆ = 1 + i α+ j α2 + i j α3, βˆ = 1 + i β + j β2 + i j β3. 
Theorem 3.8. Cassini’s Identity
Let QF k,n be the bicomplex k-Fibonacci quaternion. For n ≥ 1, Cassini’s
identity for QF k,n is as follows:
QF k,n−1QF k,n+1 − (QF k,n)2 = (−1)n [ 2(k2 + 2) j + (k3 + 2 k) i j ]. (3.30)
Proof. (3.30): By using (3.2) we get
QF k,n−1QF k,n+1 − (QF k,n)2 = [ (Fk,n−1Fk,n+1 − F 2k,n)
−(Fk,nFk,n+2 − F 2k,n+1)
−(Fk,n+1Fk,n+3 − F 2k,n+2)
+(Fk,n+2Fk,n+4 − F 2k,n+3) ]
+i [ (Fk,n−1Fk,n+2 − Fk,nFk,n+1)
−(Fk,n+1Fk,n+4 − Fk,n+2Fk,n+3) ]
+j [ (Fk,n−1Fk,n+3 − Fk,nFk,n+2)
−(Fk,nFk,n+4 − Fk,n+1Fk,n+3)
+(Fk,n+1Fk,n+1 − Fk,n+2Fk,n)
−(Fk,n+2Fk,n+2 − Fk,n+3Fk,n+1) ]
+i j (Fk,n−1Fk,n+4 − Fk,nFk,n+3)
= (−1)n Fk,n−m[ 2(k2 + 2) j + (k3 + 2 k) i j ].
where the identities of the k-Fibonacci numbers Fk,n−1Fk,n+1−F 2k,n = (−1)n
[5]. Furthermore;


Fk,n−1Fk,n+2 − Fk,nFk,n+1 = k (−1)n
Fk,n−1Fk,n+3 − Fk,nFk,n+2 = (k2 + 1) (−1)n ,
Fk,n+1Fk,n+3 − Fk,nFk,n+4 = (k2 + 1) (−1)n ,
Fk,n−1Fk,n+4 − Fk,nFk,n+3 = (k3 + 2 k) (−1)n
are used. 
14 Fu¨gen Torunbalcı Aydın
Theorem 3.9. Catalan’s Identity
Let QF k,n+r be the bicomplex k-Fibonacci quaternion. For n ≥ 1, Catalan’s
identity for QF k,n+r is as follows:
QF k,n+r−1QF k,n+r+1 − (QF k,n+r)2 = (−1)n+r [ 2(k2 + 2) j + (k3 + 2 k) i j ].
(3.31)
Proof. (3.31): By using (3.2) we get
QF k,n+r−1QF k,n+r+1 − (QF k,n+r)2 = (Fk,n+r−1Fk,n+r+1 − F 2k,n+r)
−(Fk,n+rFk,n+r+2 − F 2k,n+r+1)
(Fk,n+r+1Fk,n+r+3 − F 2k,n+r+2)
+(Fk,n+r+2Fk,n+r+4 − F 2k,n+r+3)
+i [ (Fk,n+r−1Fk,n+r+2)− (Fk,n+rFk,n+r+1)
−(Fk,n+r+1Fk,n+r+4 − Fk,n+r+2Fk,n+r+3)
+j [ (Fk,n+r−1Fk,n+r+3 − Fk,n+rFk,n+r+2)
−(Fk,n+rFk,n+r+4 − Fk,n+r+1Fk,n+r+3)
+(Fk,n+r+1Fk,n+r+1 − Fk,n+r+2Fk,n+r)
−(Fk,n+r+2Fk,n+r+2 − Fk,n+r+3Fk,n+r+1) ]
+i j [ (Fk,n+r−1Fk,n+r+4 − Fk,n+rFk,n+r+3)
+(Fk,n+rFk,n+r+3 − Fk,n+r+1Fk,n+r+2)
+(Fk,n+r+2Fk,n+r+1 − Fk,n+r+3Fk,n+r) ]
= (−1)n+r [ 2 (k2 + 2) j + (k3 + 2 k) i j ]
where the identity of the k-Fibonacci numbers Fk,n+r−1Fk,n+r+1−F 2k,n+r =
(−1)n+r is used [5]. Furthermore;

Fk,n+r−1 Fk,n+r+2 + Fk,n+r Fk,n+r+1 = (−1)n+r k,
Fk,n+r−1 Fk,n+r+3 − Fk,n+r Fk,n+r+2 = (−1)n+r (k2 + 1),
Fk,n+r+1 Fk,n+r+3 − Fk,n+r Fk,n+r+4 = (−1)n+r (k2 + 1),
Fk,n+r−1 Fk,n+r+4 − Fk,n+r Fk,n+r+3 = (−1)n+r (k3 + 2 k),
Fk,n+r Fk,n+r+3 − Fk,n+r+1 Fk,n+r+2 = (−1)n+r+1 k,
Fk,n+r+2 Fk,n+r+1 − Fk,n+r+3 Fk,n+r = (−1)n+r k .
are used. 
4. Conclusion
In this paper, a number of new results on bicomplex k-Fibonacci quaternions
were derived. This study fills the gap in the literature by providing the bi-
complex k-Fibonacci quaternion using definitions of the bicomplex number
[18], k-Fibonacci quaternion [16] and the bicomplex Fibonacci quaternion [1].
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